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Primitive and totally primitive Fricke families with applications 

Ho Yun Jung, Ja Kyung Koo and Dong Hwa Shin 


Abstract 

We introduce the primitivity of Fricke families, and give some examples. As its applica¬ 
tion, we first construct generators of the function field of the modular curve of level N in 
terms of Fricke functions and Siegel functions, respectively. Furthermore, we use the special 
values of a certain function in a totally primitive Fricke family of level N in order to generate 
ray class fields of imaginary quadratic fields. 


1 Introduction 

For a positive integer N, let r(iV) = {7 G SL2(Z) | 7 = /2 (mod N)} be the principal congruence 
subgroup of SL2(Z) of level N. This group acts on the complex upper half-plane 11 = {r G 
C I Ini(r) > 0} and H* = H U Q U {ioo} as fractional linear transformations. One can then 
give the orbit space X{N) = r(V)\BI* the structure of a compact Riemann surface, called the 
modular curve of level N f |12l §1.5]). Let C{X{N)) be the field of meromorphic functions on 
X{N) which is a Galois extension of C(V(1)) = C(j(r)) with 

Gal(C(X(iV))/C(X(l))) ~ SL2(Z)/±r(iV) ~ SL2(Z/VZ)/{±/2}, 

where j(r) is the elliptic modular function f |10l Theorem 2 in Chapter 6]). Furthermore, we 
denote by Jpv the subfield of C{X{N)) consisting of functions whose Fourier coefficients lie in 
the Vth cyclotomic field Q{Cn), where Ctv = Then, Jpv is also a Galois extension of 

= Qij{T)) whose Galois group is isomorphic to GL2(Z/VZ)/{±/2} (see 
For N > 2, let 

Vn = {v G I Y is the least positive integer so that Nv G Z^}. 

We call a family {/iv(t)}vgVjv of functions in Jqv a Fricke family of level N if it satisfies the 
following three conditions: 
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(FI) Every h^{T) is holomorphic on H. 

(F 2 ) hu{T) = hvir) if u = ±v (mod Z^). 

(F3) hyr{T)^ = h^Ty,{T) for a G GL 2 (Z/A^Z)/{±/ 2 }, where stands for the transpose of a. 

As for a Fricke family, Kubert and Lang first gave its dehnition without the condition (FI) 
(H pp. 32-33]). Recently, Eum and Shin ([5]) classified all Fricke families of level N when 
N = 0 (mod 4). See also [9]. 

We say that a Fricke family {/iv(r)}veVjv of level N is primitive if the condition (F2) is 
strengthened in such a way that 

hu{T) = hv{T) u = ±v (mod Z^). 

Moreover, we say that {/iv(r)}veViv is totally primitive if {/iv(r)”}veViv is primitive for every 
positive integer n. In this paper, we shall present several examples of Fricke families which are 
primitive or totally primitive (Examples 13.11 (3^ and . 

As is well known, we have 

C{X{N)) = C (j(r), /[i/jv] (r), (r)) , 

where /v('r) (v G Vat) are the classical Fricke functions (see §2 and [21 Proposition 7.5.1]). Since 
the modular curve X{N) is an algebraic curve, its function field C{X{N)) can be generated 
by two functions m Theorem 1.9 and Proposition 1.17 in Chapter VI]). As an application of 
primitive Fricke families, we shall first construct a primitive generator of C{X{N)) over the held 
C(A(1)) = C(j(r)) in terms of Fricke functions /|■l/^rj(T) and /j- o j ("T") (Theorem 14.31) which 

belong to a primitive Fricke family. We shall further present a primitive generator of C{X{N)) 
over C(A(1)) by making use of only Siegel functions as members of a totally primitive Fricke 
family (Theorem 14.41 and Remark 14.51) . 

Let K be an imaginary quadratic held of discriminant dx, and let Ok be its ring of integers. 
If we set 

tk = {dx + \/^)/ 2 , 

then we see that G H and Ox = ^tx + Z ([H §5.B]). By Hx we mean the Hilbert class held 

of K, and by Kf^x) the ray class held modulo NOx- Let {/iv(T)}veViv be a totally primitive 

Fricke family of level N. For all but hnitely many K, we shall show that if the special value 

h\ 0 ^{TK) is nonzero, then h\ o ^{Tx)^ generates Kix\ over Hx for any nonzero integer n 
Li/7v] [i/n\ 

(Theorem 15.21 and Remark 15.31) . 

Based on this work, Koo et al. established the concept of a (totally) primitive Siegel family 
consisting of meromorphic Siegel modular functions of higher genus g {>2) ([71 Dehnition 3.1]). 
They further constructed explicit generators of the held of Siegel modular functions of level N 
(/ 2, 23 — 1 , 2(2® — 1)) over the held of Siegel modular functions of level 1 ([H Proposition 3.3 
and Theorem 6.2]). To this end, they reduced each theta constant of genus 5 to a product of 
Siegel functions of one-variable, and then made use of the idea of Example 13.11 We also notice 
that there is a recent attempt ([S]) to get a higher genus version of Theorem 15.21 for CM-helds. 
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2 Meromorphic modular functions 

Let be a positive integer. The group GL 2 (Z/iVZ)/{±/ 2 } (~ Gal(J- 7 v/-^i)) acts on the field 
Tat as follows (cni Theorem 3 in Chapter 6 ]): One can decompose GL 2 (Z/A^Z)/{±l 2 } uniquely 
as 


GL 2 (Z/iVZ)/{±/ 2 } = Gn ■ SL 2 (Z/fVZ)/{±/ 2 } with Gn = 


1 0 
0 d 


de {ziNzy 


Let h{T) be an element of Tat whose Fourier expansion with respect to is given 

by 

Ht) = X] ^ Q{Cn))- 


n^—oo 


(Al) 


1 0 
0 d 


G Gn acts on /i(r) as 


1 0 


/l(r)L0dl = ^ n<^d„rilN 


Cn(l 


n'^—oo 


where aj, is the automorphism of the cyclotomic field Q{Cn) determined by = Cfj. 
(A2) a G SL 2 (Z/A^Z)/{± 72 } acts on /i(r) by 

/i(r)“ = (/io5)(r), 

where a is any inverse image of a under the reduction SL 2 (Z) —)• SL 2 {Z/NZ)/{± 12 }■ 
For a lattice A in C, let 

c/ 2 (A) = 60 ^ 53 (A) = 140 ^ ^ and A(A) = 52 (A)^ - 2753(A)2. 


AeA\{0} AeA\{0} 

The Weierstrass p-function relative to A is defined by 


1 


p{z;A) = ^+ Y, 


AeA\{0} 


1 


{z - A)2 A2 


(z G C) 


with a double pole at each lattice point, and no other poles ([101 P- 8 ]). By the Weierstrass 
a-funetion relative to A we mean the infinite product 

a{z] K) = z (1 - x) e^/^+(^/2)G/A)2 ^ 

aga\{o} 

Taking logarithmic derivative, we derive the IFeiersfrass C-function 




cr( 2 ;; A) z 


AeA\{0} 


- 3 ^ + ^ + ^) (ZGC). 
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Since = ~p{z'i A) which is periodic with respect to A, for each A G A we obtain a 

constant rj{\; A) satisfying 


Now, let V = 


C( 2 ; +A; A)-C( 2 ;; A) =r/(A; A) (z G C). 

G \ We define the Fricke function fvir) by 


Mr) = - 2 ^ 3 ' 


7 o 5 52(r)fif3('r) 


A(t) 


Pv(t) (t G H), 


( 1 ) 


where 52 (r) = 52 ([t, 1]), gsir) = gs^r, 1]), A(r) = A([r, 1]) and pv(r) = p{viT + 02 ', [r, 1]). 
Note that g 2 {r), gsM and A(r) are holomorphic on H, and A(t) has no zeros on H ( [lOt 
Theorem 3 in Chapter 3]). We also define the Siegel function gv{T) by 

g^{T) = l])+^2r,(l; [r, l]))(,;ir+,;2)/2^(^^^ ^ l])rj{M {t G M), ( 2 ) 


where 

OO 

g{T) = n ^ 

n=l 

is the Dedekind g-function. As is well known, if A > 2, then {/v('7‘)}veVjv {grv(T)^^'^}vGVjv 
are Fricke families of level N ([ini§6.2 and 6.3] and [H Proposition 1.3 in Chapter 2]). Moreover, 
{/v(r)}vGVjv is primitive ([H Lemma 10.4] and the definition ([1])). 

For X G M, let (x) be the fractional part of x in the interval [0,1), and set 


(±x) = min((x), (—x)). 

Furthermore, let B 2 (x) = x^ — x + 1/6 be the second Bernoulli polynomial. 


Lemma 2.1. Let N >2. 


(i) //V 


vi 

V2 


G (1/A)Z^ \ Z^, then we have ordg fl'v('r) 


( 1 / 2 )B 2 ((^i)). 


(ii) Let u, V, u', v' G {XjN)!? \ T? such that u ^ ±v (mod Z^) and u' ^ ±v' (mod Z^). 
Then, the function 

Mr) - /v(t) ^ Pu('r) - pv(r) 

/u' (r) - M (t) Pu' (r) - Pv' (r) 
in Dm has neither zeros nor poles on H. 


(hi) Ifu 


Ui 


Vl 


, V = 


U 2 


V 2 


G Vat such that u + v, u 


V G Vat, then 


ordg (pu(r) - pv(r)) = min((±ui), (±xi)). 


Proof. (i) See [H p. 39]. 


□ 


(ii) See [H Theorem 6.1 in Chapter 2]. 

(iii) See [H Lemma 6.2 in Chapter 2]. 
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3 Examples of primitive and totally primitive Fricke families 


Let N > 2. In this section, we shall give several examples of primitive and totally primitive 
Fricke families. 

Example 3.1. Consider the Fricke family {gv{T)^‘^^}v£VN consisting of 12iVth powers of 
Siegel functions. We want to show that the family is totally primitive. 

Suppose that 

for some u, v E Vn and n E N. 


Since there is an element a of GL 2 (Z/iVZ)/{±/ 2 } such that 

oFvi = ± (mod I?) 

0 

we may assume by (F3) that 


Applying 


0 1 

-1 0 


5[i/iV](T)'2'^" = 5v(r)'^'^"forv = 
to both sides of (El), we attain that 


E Vat. 


■V2 

Vi 


=9\-v2^iJf 

By Lemma l2.ll fii. we obtain from ([3|) and (jH that 


(3) 


(4) 


6 iVnB 2 (l/iV) = 6 VnB 2 ((ui)) and 6 iVnB 2 ( 0 ) = 6 iVnB 2 ((—U 2 )), 


respectively. Thus we deduce by considering the graph of y = B 2 (x) that 

ui = ±.1/N (mod Z) and U 2 = 0 (mod Z), 


l/N 

0 


and hence v = ± 
is totally primitive 

Example 3.2. Assume that N is odd and the set 


(mod Z^). This observation implies that the Fricke family {yv(T)^^^}vGVAr 


Qat = [1, A^/2] n {a E Z I o ^ ±1 (mod N) and = ±1 (mod A^)}. 

is nonempty. Let a G Qn- If we set 

^v('r) =/v(r) - /av(r) (v E Vat), (5) 

then we get a Fricke family {/iv(T)}vGVAr of level N. We want to show that {/iv(r)}vGVAr is 
primitive, but not totally primitive. 
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Suppose that 


/ia(T) = h\ 3 {T) for some a, b E Vat. 


By applying an action of the group GL 2 (Z/A^Z)/{±/ 2 }, if necessary, we may assume by (F3) 
that 

h\l/N^{'r) = K{t) withb= . ( 6 ) 


The action of 


0 1 

-1 0 


IT]' 

on both sides of ® yields 


h2 


h\ 0 1 (t) = /ir_b2i (r). 
[i/n\ [ fei 


(7) 


By the definitions ([I]) and ([5]), we obtain from ([ 6 ]) and ([7|) that 

Pj'l/Afj ('t) - Pj-a/ATj (t) = P[bi] (t) - p|-abi] (t), 


Pr 0 l(T)-pr 0 l(r) = pr_62l (r) - pr-afeal ('t)- 

Li/7vJ [a/N\ L fei J [ abi \ 

Comparing the g-orders by making use of Lemma 12.11 (iii), we get 

1 /A^ = min((± 6 i), (±o 6 i)) and 0 = min((± 62 ), (± 0 ^ 2 ))) 
respectively. We then deduce from the fact = ±1 (mod N) that 

bi = ±1/N or ± a/N (mod Z) and 62 = 0 (mod Z). 

If bi = ±a/A^ (mod Z), then we see that 

(t) - /^a/ATj (r) = (r) by the definition ([5]) 

= ^[a/Nl(T) by dSD and (F2) 


T]' 

= /[a/ATj (t) - /^aVAfj definition ([SD 


= /^a/Arj(T)-/^i/Arj(T) by the fact = ±1 (mod iV) and (F2), 
from which it follows that /j'l/Arj (t) = /j-a/Arj (t)- But, this is impossible because {/v(r)}vGVAr 


is primitive and a ^ ±1 (mod N). Thus we attain b = ± 


1/N 

0 


(mod Z^), which shows that 


{/iv(T)}vgVjv is primitive. 

On the other hand, we derive by the definition ([5]), the fact = ±1 (mod N) and (F2) that 

^av(r) = favir) - = favM - /v(r) = -h^M (v E Vat), 

which gives rise to hav{T)‘^ = ^v('r)^. Here we note that av ^ ±v (mod Z^) due to the fact 
a ^ ±1 (mod N). Hence {/iv(r)^}vgVjv is not primitive. 

Therefore, the Fricke family {/iv(T)}vgVjv is primitive, whereas not totally primitive. 
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Example 3.3. Let N > 7 and gcd( 6 , N) = 1. We claim that the Fricke family {/v('7‘)}veViv 
is totally primitive. 

Suppose on the contrary that it is not totally primitive. Then we have 


UrT = Mry 


for some integer n >2 and a, b G Vat such that a ^ ±b (mod Z^). By applying an action of 
the group GL 2 (Z/A^Z)/{±/ 2}5 if necessary, we may assume that 


for some nth root of unity C, and 


G Vat such that 


( 8 ) 




l/N 

0 


(mod I?). 


Through the action of 
(A2) that 


1 0 
1 1 


G SL 2 (Z/A'Z)/{±/ 2 } on both sides of 

/j'l/iVj { t ) = C/[ 6 i+ 62 l ('^)- 


(9) 

I, we get by (F3) and 

( 10 ) 


We see from ([ 8 ]) and (fTOt) that 
Since {/v(r)}vGVjv is primitive, we attain that 


62 


/[LI M = /rbi+621 ('^)- 
b 2 J L 62 


'hi 

= - 1 - 

hi + 62 

h 


h2 


If 


-0 

1_ 



0- 

to 





1- 

0 

1_ 

-1 

-0 

_1 


-1 

0 

_1 


bi + 62 

h2 


(mod I? 


(mod 1?), then we get 2hi = —62 (mod Z) and 262 = 0 (mod Z), and so 


4 

have 


(mod 7?). But, this is impossible because 


G Vat and iV / 4. Thus we must 


'hi 


hi + 62 

h2_ 


62 


(mod Z^), 

and hence 62 = 0 (mod Z). Write 61 = a/N for an integer a which is relatively prime to N and 
a ^ ±1 (mod N) by ([9]). By applying (F2) to the function f\a/N^ (’t), we may further assume 

that 1 < a < N/2. We then find by dS]) that 

/ri/Afl ("r) 


c = 


IT] 


/ra/JVl('r)’ 


T] 
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and hence we obtain by acting 


1 0 
0 -1 


G Gn that 




f\a/N^ (t) 


T] 

due to (Al) and (F3). Since {/v(7‘)}vgVjv is primitive and o ^ ±1 (mod N), we conclude ( = —1, 
and so 

ffl/NlM = -/[a/NlM- ( 11 ) 


The action of 


a 0 
0 a 


I'l/Afj I'TJ = -/j-a/Afj I 
on both sides of (fTTT) yields 
f\a/N^ir) = -f 


(t) 


( 12 ) 


by (F3). It then follows from ifTT]) and (fT^ that 

/j'l/Afj ( t ) = /j-aVAfj ('’’)’ 

which implies that 

= ±1 (mod N) 

2 0 


(13) 


0 2 


G Gn on both sides of (fTTT) . we also obtain by 

(14) 


because {/v('7‘)}vgVjv is primitive. Acting 
(F3) that 

/|■2/Arj { t ) = -/|■2a/iVj ('t)- 

We then derive by the dehnition ([T]) , IfTT]) and (fTT)l that 

Pj'l/Afj ('^) - P|' 2 /Afj (t) = -pj-a/Afj (t) + P|' 2 a/Arj (t)- 
By Lemma l2.ll (iii) and the fact 1 < a < N/2, we achieve that 
ordq (p^i/Arj(r) - p^ 2 /iVj(T)) = min((±l/iV), (±2/iV)) 

= 1 /A^ 

= ordq (-p^a/ 7 Vj W + P^ 2 a/iVj (t)) 

= min((±a/A^), (±2o/iV)) 

= min(min(a/A', {N — a)/N), min(2a/iV, (N — 2a)/N)) 

I a/N iil<a<N/3, 

\ {N-2a)/N if lV/3 < a < lV/2. 

Moreover, since a 7 ^ 1, we must get 1/N = (N — 2a)/N, and so a = {N — l)/2. We then obtain 
from (fT^ that 

(Ar 2 _ 2Ar + l)/4 = ±1 (mod N). 

But, this contradicts the assumption N > 7. 

Therefore, we conclude that the primitive Fricke family {/v(r)}vgViv is also totally primitive. 









4 Generators of function fields 


Let N >2. As an application of (totally) primitive Fricke families, we shall construct primitive 
generators of C{X{N)) and Tjy over C(A(1)) = C(j(t)) and = Q(j(t)), respectively. 

Proposition 4.1. Let {hv(r)}veVjv ® primitive Fricke family of level N. Then we have 

C{X{N)) = C (^jiT),h^i/Ni^iT), W 

Proof. Recall that C{X{N)) is a Galois extension of C(X(1)) with 

Gal(C(A(A^))/C(X(l))) ~ SL 2 (Z)/ ± r(iV). 


Let 7 = 
then see 


a b 
c d 
3 y (F3) that 


be an element of SL 2 (Z) which leaves both /im/tvi (t) and /ir o i (t) fixed. We 


IT] 


h/V] 


^^i/iVj(T) = = /iTa/Nl ('^) and /if o_](r) = /if o__](r)'^ = /iTc/niW- 


i/N 

b/N 


1/N 


c/N 

d/N 


Now that {/iv(r)}vGVjv is primitive, we get 


l/N 


(mod Z^). 


Moreover, we deduce from det( 7 ) = ad — be = 1 that a = d = ±1; and hence 7 = ±/2 (mod N) 
and so 7 E ±r(A^). 

This yields by Galois theory that /ij-i/Arj (r) and h^ 0 j (t) generate C(A(iV)) over C(X(1)) = 

C(j('r))- 


'a/N 

= ± 

'l/N 

and 

'c/N 

= ± 

0 

b/N 


0 


d/N 


l/N 


□ 


Example 4.2. Since {g'v(T)^^^}veViv is totally primitive by Example l3.1l {5fv(T)^^^"'}vGVjv is 
primitive for each positive integer n. By applying Proposition l4.1l to each family {5fv(r)^^'^"'}vGVAr 
and using the fact that C(A(iV)) is a field, we obtain 

'ITI 


C(X(JV)) = C ( i(T). Sf 0 , (t) 


I2Afn 


for any nonzero integer re. 
Theorem 4.3. ITe have 


(i) C(X(JV)) = C ( j(T), /j,/a.j(t)-/j 0 ,(r)-‘ 


[Tl iw 

(ii) = Q ( j(r), Cn ( /ri/Al (t) - /r 0 1 (r)"^ 
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Proof. (i) Let 7 = 


a b 
c d 


be an element of SL 2 (Z) which leaves fn/Nl {t)~ 0 1 (t) 

L 0 J U/N 


-1 


fixed. By (F3) we attain that 


[Tl iw 

from which it follows that 


'a/N' 

(t) 

-f 

'c/N' 

b/N 



d/N 


/ri/7Vl(T)-/r 0 ](r) = -/^^O^j(r) )^ = /[a/iVl W “ /[c/ivl W > 


/ 


If 


[T] 

a/N 

c/N 


(t) - 

f\a/N 

b/N 


'l/N 

0 


[iW' 


/ri/TVl W -/fa/iVl W = /r 0 i(t) ^-/rwivlW ' = 




c/N 

d/N 


( t ) - /[ 0 1 (r) 
1/7VJ 


c/N 

d/N 


f\ 0 iW/fc/iVlW 

[J/n\ 


(15) 


(mod Z^), then we deduce 


/ri/7vi('r) -/ra/7vi('^) /O 
L 0 J b/N 


due to the fact that {/v(F)}veViv is primitive. We then see from (fT^ that 

flc/Nli^) - f\ 0 __]{t) /O, 


d/N 


l/N 


which yields 


c/N 

d/N 




0 

l/N 


(mod 7?). Now, consider the relation 


/[ 0 i(^)/rc/ivi W = 




l/N 


c/N 

d/N 


/ri/iVl('r) - /u/ATl W 
L 0 J b/N 


(16) 


derived from (fl^ . Since 52 (Ca) = 0 ([ini P- 37]), the left side of (fT6]) vanishes at Ca by the 
definition m, whereas the right side of (|16p has neither zeros nor poles on El by Lemma 
o (ii). This gives a contradiction. Thus we achieve that 


and get by (fT^ that 


a/N 

b/N 

'c/N 

d/N 


= ± 


= ± 


l/N 

0 


0 

l/N 


(mod Z^), 


(mod Z^). 


Furthermore, we obtain by the fact det( 7 ) = ad — be = 1 that a = d = ±1 (mod N) and 
b = c = 0 (mod N)‘, and hence 7 € ±r(N). This proves (i) by Galois theory. 


(ii) We get by (i) and [T2l Theorem 6 . 6 ] that 


J^N = Q ( /{t), /j'l/Arj (t) - 


-1 
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Thus, if we set 


then Gal(T 7 v/T’) is a subgroup of 


Gn = 


1 0 
0 d 


d G {TLINTL)' 


Let 7 = 


1 0 
0 d 

(F3) and (Al) that 


be an element of Gn which fixes the field F elementwise. We then see by 


C» (/[ (r) - /[ ^0^] (r)-') = (C„ (/[ (r) - /[ (r)-) ) 


from which it follows that 




-1 


/-d—i _ 

— 




-1 ■ 


(17) 


Here, we note by (F 2 ) and (F3) that the right side of (fT7)) is fixed by the action of 
Thus we attain by (Al) that 


1 0 
0 -1 


^d-l _ ("Ad-lJo -ij — 


N > 


and so Ctv = =tl- If Cat = — 1; then we derive by (fT7|) that 


2/[l/«]M = /[^„^](r)- +/[^0^]M 


Due to (F3), the right side of (fT 8 ]l is fixed by the action of 




(18) 


1 1 
0 1 


, but we see that 


2/ri/Nl(T)lo 1 = 2/ri/«l (t) # 2/n™,(T) 


[Tl 


l/N 

l/N 


IT] 


because {/v(7‘)}vgVjv Is primitive. This yields a contradiction. Therefore, we must have 


C)^ ^ = 1; and hence d = 1 (mod N) and 7 = 


1 0 
0 1 


This implies by Galois theory that 


F = Fm, as desired. 

By using the idea of Example 13.11 we further establish the following theorem. 


□ 
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Theorem 4.4. Let n be any nonzero integer. 


(i) C{X{N)) = C j{T), g 


'[T] 


0 i(r) 

l/N 


2ANn 


(ii) = Q ( j{r), CnQ^i/n^ o__] (r) 


Proof. (i) Let 


gi^) = g 


l/N 


[Tl 


/^\LZi\n ^ /_\ 

[T) 9\ 0 l(Tj 

l/N 


247Vn 


a b 
c d 


which belongs to C{X{N)). And, let 7 = 
fixed. We get by Lemma [2T] (i) and (F3) that 

ordq ( 7 (r) = 6 A^nB 2 (l/A^) + 12 iVnB 2 ( 0 ) 


be an element of SL 2 (Z) leaving ^(t) 


= ordg giry 

= oidq 

b/N 


c/N 

d/N 


1 W 


24Afn 


= 6iVnB2((a/A^)) + 12ArnB2((c/iV)). 

By considering the shape of the graph y = B 2 (x) on the domain [0,1), we deduce that 

{c/N)=0 and (a/N) = l/N or {N - 1)/N, 

and so c = 0 (mod N) and a = ±1 (mod N). Moreover, we achieve by the fact det( 7 ) = 
ad — bc = 1 that a = d = ±1 (mod N). On the other hand, we derive by (F3) and Lemma 
12.11 (i) that 


0 -1 


ord, 5 r(r)Li 0 J = ordg 1 %] 


[T] 




24Afn 


= 6WreB2(0) + 12A^nB2(l/A^) 
= ordq (5 (t)'^)[i 0 

r b —a 

= Oldq g{T)\-d -c 

/.^\ 12 Nn 
■ b/N 1 y ) 

-a/N 


= ord„ g 


g 


d/N 

-c/N 


(t) 


24:Nn 


= 6 NnB 2 {{b/N)) + 12 NnB 2 {{d/N)), 

from which we conclude 6 = 0 (mod N). Hence 7 belongs to ±F(A^), which proves that 
g{T) generates the field C{X{N)) over C(A(1)). 


(ii) Let 


F = Q[ j(r), CiVff^i/iVj (t) (r) 


2ANn 
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Then, F is a subfield of Fjv and Gal(F/v/F) is a subgroup of Gjv- Let a 


be an 


element of Gat which leaves CNg{T) hxed. Letting f3 = 
deduce by Lemma [2T] (i), (F3) and (Al) that 


1 0 
0 d 

G SL 2 (Z/Arz)/{±l 2 }, we 


ordg iCNgir))^ 


ordg (Ng^ 

6A'nB2(0) + 12A^nB2(l/A^) 

ord, iiCNgirT)^ 

ord, 

ord,C^5[ 

6A^nB2(0) + 12iVnB2((ci/A^)). 


Thus we obtain d = ±1 (mod N). It is clear that if = 2, then d = 1 (mod A^). If A^ > 3 
and d = — 1 (mod AI), then we get by (Al), (F2) and (F3) that 

CAffl'('r) = CAffl'I'l/TVj = (C7V5('^))“ = CiV^dj'l/TVj 

and so Cn ~ But, this is impossible. Therefore, we always have d = 1 (mod N), from 
which F = F]sf by Galois theory. 

□ 

Remark 4.5. It is well known that gvir)^"^^ are integral over Z[j{T)] for all v G Vn ([3 
§31). Thus, if re > 0 and gir) = fl'n/Tvi (T)^^'^”g'r o i(t)^^'^"', then there is a polynomial 

L 0 J [l/A'J 

fN{x, y) G Z[x, y] for which fN{x, y) is monic in x and /^(^(t), J^t)) = 0. That is, the 
equation fwix, y) = 0 gives rise to an affine singular model of the modular curve X{N) over Q. 

For example, if A^ = 2 and re = 1, then one can estimate 

fNix,y) = x 6 + (- 2 y 3 + 28 . 3 V + 2''-3y-225.3)x5 

+(/ - 2^ • 3^/ + 2^6 • 3^ • 13/ - 2^5 . 163/ + 2^6 . S^y"^ - 2^^ • 3?/ + 2^® • 3 • 5)x^ 
+(-2^5/ + • 3 • 67/ - 2^5 • 7/ + 2^'^ • 3^ • 47^^ + 2®^ • S'^y - 2'^^ • 5)x3 

+(2^®/ - 2®^ • 3^/ + 2®^ • 3^ • 13/ - 2^^ • 163/ + • 3^/ - 2®^ • 3y + 2®® • 3 • 5)x^ 

+ (_297y3 + 2104. 32 y 2 ^ 2114. 3 ^ _ 2 I 2 I . 3 )^ ^ 2144 

by using the Fourier expansions of Siegel functions and j(r) (see [3 p. 29] and [3 Theorem 
12.17]). 
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5 Application to class fields 


Let K be an imaginary quadratic field and N > 2. As a consequence of the main theorem of 
complex multiplication, we obtain that Hk = K{j{TK)) and 

= K{h{TK) I h(r) G Fn is finite at tk) (19) 

f |10l Theorem 1 and Corollary to Theorem 2 in Chapter 10]). Let 

mm.{TK, Q) = + Bkx + Ck G ^[x], 

and dehne a subgroup Wk,n of GL2(Z/A^Z) by 


Wk,n = < 7 = 


t — Bxs —Cks 
s t 


t, s & 'LjN'L such that 7 G GL2(Z/A^Z) > . 


If K is different from Q(-v^—1) and Q(\/—3), then by the Shimura reciprocity law we have the 
isomorphism 


WK,N/{^h} Gdl{K(^j^^/HK) ( 20 ) 

7 !->■ {h{TK) {tk) I ^(t) G Fn is hnite at tk) 

([la §3]). 

Lemma 5.1. If m is a positive integer such that £ A'(jv); then m divides 12N. 

Proof. See [H Lemma 4.3 (i) in Chapter 9]. □ 

Let {/iv(t)}vgVjv bo ^ totally primitive Fricke family of level N, and let d^ir) be the dis¬ 
criminant of hj- 0 j (t)^^^ over Fi. Define an equivalence relation ~ on the set Vat by 

u ~ V u = ±v (mod Z^). 

Since Gal(J^Ar/J^i) ~ GL2(Z/A’Z)/{±/2} and {/iv(r)^^'^}vgVjv is primitive, we get by (F3) that 

dN{T) = ± (hu('r)^^^ - /iv(t)^^^) , 

[u], [v]gVjv/~ 
such that [u]7^[v] 


where [u] and [v] stand for the equivalences classes of u and v in Vat, respectively. Note that 
di^(T) is a nonzero element of Fi which is weakly holomorphic. Thus it has only finitely many 
zeros on the modular curve X{1), and hence the set 

Sn = {imaginary quadratic fields K \ dM{TK) = 0} U {Q(V—1), Q(\/—3)} 


is finite. 
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Theorem 5.2. Let K be an imaginary quadratic field lying outside the set Sn, and let 

{/iv(t)}vgVjv a totally primitive Fricke family of level N. If h\ o i (tr-) is nonzero, then 

[i/n\ 

generates i^(Ar) over Hk for any nonzero integer n. 

Proof. Suppose on the contrary that /ij- o j (fx)" does not generates i^(Ar) over Hx for 

some nonzero integer n. Then, there is a nonidentity element a of Gal(/C(jv)/^^R') leaving 

0 1 fixed. Due to the isomorphism given in (l20t) . the Galois element a corresponds to 

[i/n\ 


a matrix 
that 


t — Bks —Cks 
s t 


in Wk,n/{^I 2 } with 


+ ± 


(mod A^). We then achieve 


h^^0^]{TKT = 


from which we get 


(/^[iOv](ricrr 

hrt-BKSsll 0 i ( fr -)" 
L -Cks t\[l/N\ 

t/N 


by the isomorphism in (12011 and (F3) 


h\ 0 1 (tr) = Ch 

[l/N 


s/N 

t/N 


(tr) for some |n|th root of unity. 


( 21 ) 


Since /ir o i (tr) and hr( tr) belong to KrR\ by (fT^ . we deduce by Lemma IfoTl that C is a 

D/ivJ [//r\ 

12A^th root of unity. Thus we obtain by (|2ip that 


0 ] (tr)^'^^ = h 

[l/N 


s/N 

t/N 




12N 


which implies d]\f{TR) = 0. But, this contradicts that K does not belong to Sr. 

Therefore, we conclude that if /ir o i (tr) is nonzero, then /ir o i (tk)^ generates K(r) over 

Ll/ivJ Li/7vJ 

Hr for any nonzero integer n. □ 


Remark 5.3. Let K be an imaginary quadratic field of discriminant Ir, and let n be a 
nonzero integer. 

(i) Every weakly holomorphic function in /Fi is a polynomial in j(t) over Q f |10l Theorem 
2 in Chapter 5]). Moreover, since ordg j{T) = — 1 ([TUI P- 45]), we see that dR{T) is a 
polynomial in j(r) over Q of degree jordg (iAr(r)|. It is well known that j{TR) generates 
Hr over K (as we mentioned), and [Hr : iL] —>■ oo as \dR\ oo ([H p. 149]). Hence, if 
Idicl (> 7) is large enough so as to have [Hr : K] > jord^ dAr(r)j, then K does not belong 
to the set Sr. 
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(ii) Let g{T) = fi'j'i/Arj o j be the function stated in Theorem l4.4l By making 

use of the Kronecker second limit formula one can also show that if gcd(A^, 3 • 5 • 7 • 13 • 
— 1)) = 1, then gijK) generates 7^(Ar) over the ground field K instead of Hk (see 

HI)- 
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